CHAPTER 2

Natural Fractal Structures
From the macroscopic…
Nature provides numerous examples of fractal structures ranging from those
with a fraction of the scale of the universe down to those on the atomic scale.
These structures can be observed in the distribution of galaxies, cloud
structures, mountain reliefs, turbulent flows on the surface of a planet like
Jupiter, fractured rocks, rough surfaces, disordered materials, aggregates of
particles and atoms, etc. We shall start with a description of “giant” fractal
structures. The existence of such large structures should come as no surprise
as the very essence of the notion of fractals and critical phenomena is involved
here: For a physical process generating fractal structures in which, by
construction, there is no internal scale, there is no reason for there to be any
upper size limit to these structures, so long as the parameters of the process are
conveniently chosen. This is what we are going to show in the rest of this
chapter.
We shall take advantage of various examples described here to introduce
new mathematical ideas and physical models. Although the theme of this
chapter concerns giant fractal structures, we shall also mention, as we go along,
fractal structures possessing similar characteristics but on totally different
scales.

2.1 Distribution of galaxies
From the first decades of the 20th century, astronomers have noticed the
hierarchical “clustering” of galaxies. Recent observational results show a
universe which is highly structured, yet equally highly disordered. It turns out
to be less simple than was imagined: on a scale much greater than that of
galactic clusters, matter seems to be arranged in flattened, stringlike, and holey
structures. Progress in the analysis of clusters is closely related to theoretical
progress in the study of the origin of cosmic structures, and it is important to
compare the various “Big Bang” models predicting the distributions of
galaxies with the observations.
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2.1.1 Distribution of clusters in the universe
Galaxies are found to be distributed in groups on all scales. Our galaxy,
the “Milky Way”, belongs to what is called the “local group,” comprising
approximately 20 galaxies; its size is around1 1 Mpc. The nearest cluster is that
of Virgo at around 10 Mpc from us; then there is Coma (Berenice’s hair):
formed of several thousand galaxies at 100 Mpc. These clusters themselves
make up a supercluster. We belong to the local supercluster, discovered by de
Vaucouleurs around 1958. It has the shape of a disk approximately 1 Mpc
wide and 20 Mpc long. This local hierarchy to which our galaxies belong is
actually a very common structure.
From observations the following distributions of masses and distances
may be ascertained :
Galaxies:
7
12
Their mass represents 4 10 to 10 M
(solar masses)
and their size 4 10 to 100 Kpc.
Half the galaxies belong to groups of several tens of galaxies with
12
14
mass 4 10 to 10 M
and size 4 1/10 to 10 Mpc.
Clusters are formed of several thousand galaxies with
15
mass 4 10 M
and size 4 10 Mpc.
The essential difficulty in three-dimensional cartography of the universe is the
problem of distances. The distance of the majority of galaxies has been measured
using their redshift z: in the conventional interpretation the expansion speed v and z
are related to the distance D of the object by Hubble’s law v = cz = H0 D. Two
difficulties then appear: the constant H0 is not known accurately (between 50 and 100
km/s per Mpc, 82 seems a good recent value) and, superimposed on the expansion,
galaxies have their own unknown speeds. Other methods of measuring these distances
exist, but they use up too much computer time and distances have only been measured
in this way for a few galaxies. This explains the controversies over the extent of the
fractal domain.

The theory of star and galaxy formation, due to Hoyle, the descriptive
model of Fournier d’Albe, and above all the empirical data unanimously
suggest a large zone of internal similarity in which the fractal dimension is
close to D = 1. But let us return to the last century and to the questions which
were asked then.

1 The

usual units of distance and mass in this field are the parsec (pc) and the solar mass
(M ), respectively. A parsec is the distance at which an astronomical unit (i.e., the mean
distance between the earth and the sun, 1 U.A.4150 million km) subtends an angle of one
second of an arc, 1 pc 4 3.08 x 101 3 km (a light year corresponds to 9.45 x 101 22km, i.e.,
about 0.307 pc).
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2.1.2 Olbers’ blazing sky paradox
Olbers’ paradox (1823) consists in noticing that if the distribution of
celestial bodies were uniform then the night sky would not be dark. The
luminosity density of a star is (roughly) the same for all stars of the same type,
for, if it is situated at a distance R, its luminosity decreases as 1/R2 but this is
also true for its apparent diameter. With a uniform distribution throughout the
universe, almost all directions issuing from a terrestrial observer cut the
apparent disk of a star, at least if the universe is infinite.2 It has also been
shown that even for a realistic finite universe the luminosity of the sky would
be several orders of magnitude too high. The paradox disappears if M(R) 3 RD
with D < 2, for then a significant proportion of directions do not intersect any
star3 (see Figs 2.1.1 and 2.1.2). Indeed the hypothesis of a fractal distribution
is sufficient but not necessary.2
Fournier d’Albe expressed this idea at the beginning of the century in a
totally unrealistic model. Below we have represented Fournier’s very simple
hierarchical model. (The scale and mass factors have been chosen to equal 5
giving D = 1.) With such a distribution the sky would appear sprinkled with
stars on a black background (Fig. 2.1.1):

Fig. 2.1.1. Hierarchical model of Fournier d’Albe. Here the fractal dimension is D = 1.

Around 1908 Charlier constructed a hierarchical model which was more
random at each level of the hierarchy and therefore more realistic than
Fournier’s nonstatistical hierarchical model (1907). (The latter did however
already contain the interesting idea). Then to introduce a notion of fractal
2

Olbers’ paradox is in fact resolved if one accepts the hypothesis of the Big Bang and the
expanding universe, since the domain observable from Earth is then finite (objects at a
distance greater than 2ct cannot be seen, c being the speed of light and t the age of the
universe, 2<1).
3 For separate reasons we must have D<3/2.
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structure into the mass distribution, Mandelbrot proposed (Mandelbrot, 1982,
p. 294) the model of a “scattered” universe.
Mandelbrot’s scattered universe, of dimension D, is simulated by a Levy
flight: let Si and Sj (S for star) be two successive points where objects are
situated. They are chosen such that Si Sj has an arbitrary direction and the
length |Si Sj | = U is distributed according to the probability law Prob (U>u) =
u–D when u >1, and Prob (U>u) = 1 when u < 1; D is found to be the fractal
dimension. To satisfy the condition 5U2 6 = 1 (the distribution is not bounded),
we need 0 < D < 2.
A collection of objects is thus obtained for which there is a broad
distribution in the distances between them, with the probability distribution
function slowly decreasing as the distance increases. Schematically, the objects
have a tendency to group into a hierarchy (see Fig. 2.1.2).
Random directions issuing from an Earthbound observer E almost
certainly have a zero probability of intersecting a stellar disk Si; the observer
therefore sees an essentially dark sky.
Representation by a Levy flight is intuitive (or ad hoc) and not based on
the physics of star and galaxy formation. However, it does provide a fairly
convincing representation of the manner in which celestial bodies must be
distributed to be in agreement with the observations described above.
Sj

E

Si
Fig. 2.1.2. Path of a Levy flight, random walk whose mean free path diverges when
D < 1. The arrival points of the jumps simulate a distribution of celestial objects of
dimension D. The objects (stars) are represented by black points in the drawing, and
the lines show the path taken during the construction.

But this statistical structure is still too simplistic [which is why Mandelbrot
has also proposed a dieresis model (Mandelbrot, 1982)]. From tables, despite
inaccuracies over the distances, the following result has been found: the
universe is formed of groups up to 20 Mpc across with a fractal dimension: D
1 1.23 ± 0.04, over a domain of the order of 20 Mpc 4 (de Vaucouleurs, 1970;
4

Opinions still vary about this point: Peebles believes the fractal dimension to extend to 5
Mpc, while Pietronero and Mandelbrot believe it extends indefinitely.
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2.2 Mountain reliefs, clouds, fractures

Γ(r) =

45

〈n( r o ) n( r o+r )〉
〈n( r o )〉

where n(r) is the local mass density in r. 〈n〉 is its mean value, dependent on the
sample size, while Γ(r) does not depend on it (see Pietronero, 1987; Blanchard
and Alimi, 1988; Coleman in Pietronero, 1989 for a discussion of this point).
Another difficulty is that the catalogs do not provide the galaxies’ masses, only
their positions (i.e., their directions and red shift). Moreover the distribution of
dark matter is not well known. The structure seems to be different over greater
distances (>20 Mpc) and the field remains largely open and controversial. It
must be kept in mind that the distribution statistics are made on earth at a
particular “moment” and that an instantaneous photographic image of objects
in space does not correspond to “reality”, relativistic effects being inevitable
on these scales.
Let us end this topic of mass distributions in the universe by remarking
that in 1895, Seeliger, from the knowledge that gravitational forces also
decrease as R– 2, sought, preceding Charlier’s ideas, conditions for which the
gravitational force and Newtonian potential did not diverge. In 1930, Paul Lévy
(Lévy, 1930) independently took this problem up again, and he too suggested a
hierarchical model to satisfy this constraint. This model was a fractal structure!
Unfortunately, the problem of gravitational forces is more complicated than that
of starlight, since these forces partially compensate one another. Finally, we
note that Balian and Schaeffer have proposed a dynamical explanation of the
scaling laws of galaxies (Balian and Schaeffer, 1989).

2.2 Reliefs, clouds, fractures…
Mandelbrot noticed early on that if coastlines display fractal
characteristics, it must be equally possible to generate various natural objects,
such as mountain reliefs, craters on the moon, or clouds, numerically.
(Computer generated landscapes used in the production of certain science
fiction films are certainly some of the costliest applications of fractals !). The
simplest method of creating an artificial relief is based on the Brownian
function of a point, defined by P. Lévy (1948), or more precisely on fractional
Brownian functions, which we shall define below.
Let us point out immediately that it is essentially a visual approach and that
the conceptual understanding of relief structures is closely related to fracture
propagation processes, a subject still imperfectly understood.
We are going to take the shapes of coastlines as a pretext for introducing
considerations about Brownian motion and its generalization, fractional
Brownian motion. Random walks, at the root of Brownian motion, will also be
used in connection with the structures of polymer chains.
Moreover, recordings of the variation in time of various natural parameters
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such as temperature, rainfall, rate of flow of rivers, or even stock exchange
prices, display structures which can be represented by fractional Brownian
motion. The first empirical laws concerning the movements of these natural
phenomena are due to Hurst. Hurst was particularly interested in variations in
reservoir and river levels (Hurst, 1951; Hurst et al., 1965), for which he devised
a method (R/S analysis) allowing these variations to be characterized by means
of an exponent, since named the Hurst exponent, H.
2.2.1 Brownian motion and its fractal dimension
A Brownian motion is represented by a series of jumps ri, randomly
directed and of equal length or possibly of length U, itself random but having a
finite mean value a. The latter case corresponds to an example of what is called
a Rayleigh flight, which has the property that
Prob (U>u) = exp (–u√2/a).

(2.2-1)

The vector joining the extremities of a Brownian walk of N steps (Fig. 2.2.1) is
R N = r 1 + r 2 + r 3+… + r N .
The mean square distance of these walks is linear in N, since, given that each
step is of mean length

a = 〈 rn 2 〉 ,
and that any two distinct steps are uncorrelated, then
2

2

R ≡ 〈R N 〉 =

∑ 〈 r n. r m 〉 = ∑〈 r n 2 〉 = Na 2 .

n,m

(2.2-2)

n

Therefore, the mean distance traveled varies as the root of the number of steps
(see also the diffusion problems in Chap. 5),

O

N

Fig. 2.2.1. Path of a two-dimensional Brownian motion (also called Brownian
flight). For a large enough number of steps N, the path may be seen to be dense in
the plane: its fractal dimension is D = 2 whatever the dimension of the space in
which it is embedded.

R=a N .
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If we take as measure (“mass”) the number N of points visited during the
Brownian motion or, alternatively, the length L of the trajectory ON, the
“mass”–radius relation
N = (R/a)2 or, alternatively, L = Na = R2 /a

(2.2-3)

reveals that the fractal dimension of the Brownian motion is D = 2, and that this
is so whatever the dimension d of the space in which it is embedded (d ≥ 2).
For d = 1, the Brownian motion cannot have fractal dimension D = 2. In
this case the trajectory passes infinitely often within a given distance of an
arbitrary point.
The trajectory (path) of a Brownian motion is, of course, much too
irregular to represent a coastline (Fig. 2.2.1). Furthermore, a coastline is a curve
which does not intersect itself.
Calculation of the probability distribution
Let us now consider the Brownian motion of a particle, and try to
determine the probability of finding it at a point R at time t, given that it is at the
origin at t = 0. Insofar as the time t remains, on average, proportional to the
number of steps N, the geometric and dynamical aspects of the situation
coincide. (In Chap. 4 we shall tackle problems concerning abnormal waiting
times between jumps.)
The central limit theorem allows us to obtain the distribution of RN as N
tends to infinity. It is well known that the probability distribution turns out to
be Gaussian (a and τ fixed),4
2

1
P (R, t ) →
exp – R
d /2
4Dt
(4π D t )
with t = Nτ, and the diffusion coefficient, D = 〈 rn2 〉 / 2 τ .

(2.2-4)

So, the mean square distance is given by
2

2

R =〈R 〉=2Dt .

(2.2-5)

It can be seen from Eq. (2.2-4) that P is a function of R/√t :
P = 1d f R .
t
R
This is a scaling law for the Brownian motion: the probability P dv of finding
the particle in a volume dv around R is invariant under the simultaneous
application of the transformations t → bt and R → λR, with λ = b2 .

4

A drift V due to an exterior field may, in addition, be superimposed on the Brownian
motion.
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2.2.2 Scalar Brownian motion
Let us now examine another curve, which represents the cumulative gain of
someone playing heads or tails against the number of tosses. What is the
distribution of the times of return to zero gain for the player?

g
t

Fig. 2.2.2. Scalar Brownian motion. The vertical segments at the bottom of the
figure indicate the positions on the t- axis of the zeroes of g(t).

This distribution closely resembles a Levy flight in that it occurs in bursts
(the line passes through the axis more frequently when it is close to zero gain
than when it is far from it).
Let g be the gain at time t given that it was zero at time t = 0. From above,
the probability of having a gain (g > 0) or a loss (g < 0) at the end of a time
interval t (the time between two tosses is taken to be unity) is
1 exp – g 2 .
(2.2-6)
2t
2πt
Therefore, the distribution of returning times to the origin (zero gain) follows
the law
1
P(0, t) =
,
(2.2-7)
2πt
so that the distribution of the times of zero gain is a fractal distribution of
dimension D = 1/2.
P(g, t) =

To determine the fractal dimension of the times of zero gain, we calculate the number
of events occurring on average during an interval of time t, thus
t

N0 =

t

P(0,t') dt' =
0

0

dt' =
2πt'

2
π

t1/2 ∝ tD

The distribution of the times of zero gain is a Cantor dust as may be seen
from Fig. 2.2.2 (displayed as Cantor bars). Note that the time intervals between
tosses need not be equal, a Poisson distribution, say, may equally well be used.
The mean time between two jumps must, however, be finite.
A scalar Brownian curve can also be used represent the variation in time of
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the potential VB(t) at the terminals of a piece of electrical equipment (presence
of Brownian noise).
Finally, note that Brownian motion in d = 3 is the motion of a point each
of whose coordinates {XB(t), YB(t), ZB(t)} is a scalar Brownian function.
Returning to mountain reliefs: the scalar Brownian curve of Fig. 2.2.2
appears to be a reasonable simulation of a ridge line. We shall now
demonstrate that it is possible to generalize this to higher dimensions.
2.2.3 Brownian function of a point
The Brownian function of a point B(P) was defined by Lévy (1948) in the
case of a sphere, and then, independently, generalized to the plane by
Mandelbrot and Tchensov. The process is as follows: starting with a plane,

Δ1
Δ2
Fig. 2.2.3. Construction of a Brownian function of a point from a plane (this method
may be generalized to the sphere and a planetary relief thus constructed).

random steps are created along lines ∆i of random position and direction (Fig.
2.3.3). By repeating this operation an infinite number of times a fractal surface
is generated. This surface is not self-similar (as the vertical direction is
privileged), but it is self-affine. We shall return to this concept later in this
section.
2.2.4 Fractional Brownian motion
Fractional Brownian motion is one of the most useful mathematical
models for describing a number of random fractal structures found in nature. It
is an extension of the usual notion of Brownian motion (Mandelbrot and
Wallis, 1968). Fractional Brownian motion is represented on a graph by a
function which shows the amplitude VH of the motion as a function of time.
A fractional Brownian function VH(t) is a single valued function of a
variable t (possibly representing a time-dependent potential). The variance of its
increments VH(t2 ) – VH(t1 ) has a Gaussian distribution:
V (t2 – t 1 ) = ΔV2 (t ) = 〈[VH(t2 ) – VH(t1 ) ]2 〉 = A |t2 – t1 | 2H ,

(2.2-8)

where 〈 〉 denotes the mean of VH (t) over many samples, and where H has a
value in the range 0 < H < 1. This function, the mean square increment, is
stationary and isotropic (i.e., it depends only on t2 –t1 and is invariant under t
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→ –t ); all the t are statistically equivalent. The particular value H = 1/2
corresponds to ordinary Brownian motion, for which ΔV 2 ∝ t. As with
ordinary Brownian motion, VH (t) is continuous but nowhere differentiable.
We shall see later (in the chapter on transport in fractal media) that the
case H ≠ 1/2 corresponds to an anomalous diffusion coefficient. Indeed, the
diffusion coefficient may be generalized by analogy with expression (2.2-4)
(with which it agrees in the case H = 1/2),
∂
2
2H– 1
D H = 1 〈 VH (t) 〉 ∝ t
.
(2.2-9)
2 ∂t
Thus for H < 1/2, the diffusion becomes increasingly difficult as time passes—
there is "subdiffusion", whereas for H > 1/2, this is the reverse—there is
"superdiffusion". These anomalous diffusions may be observed in disordered
or poorly connected media (H < 1/2), in which the subdiffusion resembles the
“ant in a labyrinth” model devised by de Gennes (see Sec. 5.2.2), or in
turbulent media (H > 1/2), in which the particle is "superdiffusive" because it is
carried by eddies of all sizes, allowing it to travel indefinitely far without
changing direction (the trajectory can then be compared to a Levy flight).
Several attempts have been made (especially in relation to the problem of
light diffusion by fractals) to make sense of the notion of the “derivative of a
fractional Brownian motion” as fractional Gaussian noise. The derivative of a
normal Brownian motion H = 1/2 corresponds to uncorrelated white Gaussian
noise so that the Brownian motion is said to have independent increments (see
Fig. 2.2.4).

Fig. 2.2.4. Graph of white noise, “derivative” (increments) of the first 200 tosses of
the Brownian graph of Fig. 2.2.2. The black areas are due to a lack of graphical
resolution of sequences of heads (+1) and tails (–1).

Formally, for three times, t1 < t0 < t2 , ΔV1 = VH(t0 ) – VH(t1 ) and
ΔV2 = VH(t2 ) – VH(t0 ) are statistically independent when H = 1/2. To verify this
we calculate
V (2t) = 〈[VH(t) – VH(–t) ]2 〉 = A | 2t | 2H ,
and thus

V (2t) = 2 〈VH(t)2 〉 – 2 〈VH(t)VH(–t)〉 .

If we choose VH(0) = 0, then 〈VH(t)2 〉 = 〈[VH(t) – VH(0)]2 〉 = A | t | 2H
and so the correlation function of the increments may may be determined:
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〈ΔV1 ΔV2 〉 = 〈 [VH(t0 ) – VH(t1 )][VH(t2 ) – VH(t0 )] 〉 = 〈–VH(–t) VH(t) 〉
(taking t0 = 0, t1 = –t, t2 = t).
After normalization, i.e., division by (〈ΔV1 2 〉 〈ΔV2 2 〉)1/2 = V
〈 H(t)2 〉, we
have
Γ(t) = 〈–VH(–t)VH(t)〉 / 〈VH(t)2 〉 = 22Η−1 − 1.

(2.2-10)

This function vanishes for H = 1/2. When H > 1/2, there is a positive
correlation (the motion is said to be persistent) for both the increments of
VH(t) and for its derivative the fractional Brownian noise. When H < 1/2, the
increments are negatively correlated (the motion is said to be antipersistent)
(Fig. 2.2.5).

VH

H = 0.9 ( D = 1.1)
300

t

VH

H = 0.1 ( D = 1.9)
300

t

Fig. 2.2.5. Graphs of fractional Brownian functions. In the upper graph the function
is persistent (H > 1/2), in the lower one it is antipersistent (H < 1/2); the Brownian
case, (H =1/2) corresponds to Fig. 2.2.2.

This is true at all time scales: like self-similar structures, VH(t) displays
statistical scaling behavior. If t is changed to λt, the increments ΔVH change by
a factor λH :
〈ΔVH(λt)2 〉 ∝ λ 2H 〈ΔVH(t)2 〉,
so that, unlike self-similar fractals, the path of VH(t) requires different scaling
factors for the two coordinates (λ for t and λ H for VH). t plays a peculiar role
since for each value of t there corresponds only one value of VH.
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Such an anisotropic scaling relation is called a self-affinity rather than a
self-similarity.
Brownian motion constructed from a white noise W(t)
A Brownian motion VB may be generated by integrating a white noise
W(t) (see for instance R. F. Voss, 1989), i.e., a function for which
〈W(t) W(t' )〉 =w 2 δ(t –t ' )
t

so that VB (t) =

-∞

W(t') dt'

or when the motion is discrete, by summing independent jumps or increments,
+∞

Ai ϒ(t – ti )

∑

VB (t) =

i=–∞

where ϒ is a step function.
A fractional Brownian motion may also be constructed from a fractional
Gaussian noise by introducing a temporal correlation into W(t). We calculate
the integral
VH (t) =

1

t

Γ(H+1/2)

-∞

(t–t' )

H–1/2

W(t' ) dt'

.
These integrals do not exist when t'→ ∞, so that, in practice, the increments are
calculated between times zero and t (Mandelbrot and van Ness, 1968):
ΔVH (t) = VH (t) –VH (0) =
where K(t–t' ) = (t–t' ) H–1/2
= (t–t' ) H–1/2 – (–t' )

1
Γ(H + 1/2)

H–1/2

t

K(t – t') W(t') dt'
-∞

(2.2-11)

if 0 ≤ t ' ≤ t,
if t' < 0.

Noting that W(λt) = λ–1/2 W(t) (derivative of a Brownian motion), it can easily
be verified from the previous expression that

ΔVH (λt) = λH ΔVH (t)
2.2.5 Self-affine fractals
We have seen in the case of fractional Brownian motion that a structure
which is invariant under different scaling laws for different axes is called selfaffine. In general terms, if for a self-affine fractal curve V(t) in the plane {V,t}
we consider an interval Δt =1 corresponding to a vertical variation ΔV = 1, then
V is self-affine if the transformation ∆t → λ∆t transforms ∆V → λH ∆V with
H different from one.
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Taking λ = 1/5 and λ H = 1/3 as an example, let us consider the
deterministic fractal constructed in the following manner: each diagonal
segment of a rectangle is replaced at the following iteration by a broken line
made up of five new segments inscribed in a 5x3 rectangle, and whose end
points coincide with those of the initial segment (see Fig. 2.2.6).
V

V

...
t

t

Fig. 2.2.6 Construction of a fractal curve showing an internal affinity. Each segment,
the diagonal of a rectangle, is replaced by the generator composed of five new
elements.

Relation between D and H for self-affine Brownian motion
It can be seen that this infinitely broken line (initial rectangle as large as
required and iterations continuing to infinity) possesses a dilation (or
contraction) invariance of factor 5 for the t-axis and factor 3 for the V-axis. Let
us calculate its fractal dimension.
If Δt is divided into n parts so that Δt' = 1/n (here n = 5, 52 ,...), then ΔV is
divided into nH parts; hence ΔV' = 1/nH (here nH = 3, 32 ,...). Using the boxcounting method to determine the fractal dimension, we cover the curve
portions ΔV' with (1/nH)/(1/n) square boxes of side 1/n along the V-axis (up to
some negligible error of higher order in 1/n), and repeat the operation n times
along the t axis, a total therefore of N(n) = n x (n/nH) boxes.
We thus obtain a power law N(n) = n 2–H for the number of boxes as a
function of their size, which corresponds to (see Sec. 1.2) a fractal dimension:
D=2–H

with 0 < H < 1 .

(2.2-12)

In the example above, H = log 3/log 5 hence D ≅ 1.32. Similarly the self-affine
curve of ordinary scalar Brownian motion (H = 1/2) has dimension D = 1.5
(Fig. 2.2.2). The dimensions of the curves shown in Fig. 2.2.5 are D = 1.1 and
D = 1.9 respectively.
The zero set of a fractional Brownian motion is, by definition, the
intersection of its graph with the t- axis, i.e., the set of points such that VH(t) =
0 [or more generally such that VH(t)–VH(t0 ) = 0]. In the present case, the zero
set is a set of points of topological dimension zero and of fractal dimension D0
= D–1 =1–H: 0 < D0 < 1 so it is a fractal dust.
It is now possible to make the connection between the Brownian motion of
a player’s gain whose dimension is D = 3/2, and the distribution of the times of

54

2. Natural fractals

zero gain which is a Cantor dust of dimension D0 = D–1 = 1/2 (Fig. 2.2.2).
Generalization to d dimensions
A fractal Brownian motion in a d-dimensional Euclidean space may
similarly be defined such that
2

2

2 H

〈[VH (x'1… x'd ) –VH (x 1… x d )] 〉 ∝ [ | x'1–x 1 | +… | x'd –x d | ] . (2.2-13)
The hypersurface generated by the points {x1 ,… xd ,VH } is a self-affine fractal
of fractal dimension:
D=d+1–H

(2.2-14)

and of topological dimension dT = d.
Moreover, whereas VH(x1 ,x2 ,…,xd) is self-affine, it can easily be shown
that the zero set, that is, the intersection with a (hyper-)plane parallel to the
{x1 ,… xd} plane, is self-similar. Its dimension is,
D0 = d – H

(2.2-15)

.

Remark: If the dividers’ method is used to calculate the dimension, a completely
different value is found, known as the latent dimension. To determine this dimension,
Dc, corresponding to steps ε, we write
2

2

ε 2 = λ Δt + λ

2H

ΔV

2

.

When ∆V / ∆t is sufficiently large, ε ∝ λH . The total length of the measure with
step length ε is Nε, where N is the number of steps. For a graph of size T where
t∈[0,T], we have N = T/(λ∆t), and L = N ∝ λH – 1 ∝ ε1–1/H.
Referring to Sec. 1.4, Eq. (1.4-1) we see that the latent fractal dimension is
D c = 1 / H.

Global dimension
The “local” dimension D = d–H, which we have just determined, is not
the only dimension associated with self-affine fractals. A mountainous massif
may be taken as a good representation of a self-affine fractal in a space of
d(=2)+1 dimensions. From what we have seen, the fractal dimension observed
locally (for a hiker contemplating the scene) is given by D = 3–H. However,
flown over at a high enough altitude, only the global aspect of the ground
surface is apparent and the global dimension will be D = 2 (Mandelbrot, in
Pietronero and Tossati, 1986).
Let us try to make this idea more precise. We know that fluctuations in
V(x1 ,...,xd) vary with distance R as RH (by the definition of fractional Brownian
motion). So, if we measure the fractal dimension with square boxes of size
ε > χ, where χ is such that χ ≅ χH, the effect of varying the altitude will no
longer be significant, since, H being less than 1, the amplitude εH of the
fluctuations of the self-affine curve grows more slowly than ε. In this case the
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dimension obtained will simply be D = d. In the example shown in Fig. 2.2.7
(for which d = 1), the fluctuations in tH are represented by the enveloping curve
(dashed curve in Fig. 2.2.7). The use of boxes of size equal to (or greater than)
χ leads to a dimension equal to one. This is because the number of boxes
covering the object is then proportional to t. Taking for example an interval ∆t =
4χ, the section of the curve VH (t) is covered with 4 squares of side ε = χ and
with 2 squares of side ε = 2χ, that is, approximately 4/n for ε = nχ, whereas 12
squares are needed if ε = χ/2, and of the order of 4n1.32 would be needed for
ε = χ/n, for large n.

VH
tH

χ
χ

t
Fig. 2.2.7. Local dimension and global dimension of a self-affine structure. At
distances smaller than χ, the structure is fractal of dimension 1.32…, but at greater
distances the structure becomes one-dimensional since 0< H<1.

Dimension of the path
We saw in Sec. 2.2.1 that the path of a Brownian motion (or Brownian
flight) was, whatever the dimension d of the space, a self-similar structure of
dimension D = 2. The problem now arises of determining the fractal dimension
of the path of a fractional Brownian motion. By definition, such a path is
composed of t steps of random direction and of length ∆VH(t).
By using the box-counting method (but the other methods would give the
same dimension), the dimension of the path can easily be seen to be exactly
equal to the latent dimension obtained for the Brownian function by the
dividers’ method (cf. the remark above)
D(path) = 1/H .

(2.2-16a)

In particular, this formula can be used to confirm that Brownian motion,
which corresponds to H = 1/2, traces out a path of dimension 2, and that very
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persistent Brownian motion (H ≅ 1) has dimension D ≅ 1.
It should also be noted that multiple points become dominant when
H < 1/d, the path then becoming dense in the space
D(path) = d if H < 1/d .

(2.2-16b)

Other self-affine sets
The previous discussion was restricted to the description of self-affine
curves relating to fractional Brownian motion, but internal affinity pertains
equally to objects possessing very general structures. The generator defined by
Fig. 2.2.8 gives an example of a self-affine structure which is not a curve V(t).
The fractal dimension, calculated by the box-counting method in a similar way
to the fractal in Fig. 2.2.6, has, in general, a value different from the Hausdorff
dimension.

E0

E1

E2

...

Fig. 2.2.8. First two iterations of a self-affine fractal: E0 is the initiator, E1 is the
generator (identical to the first iteration), E2 corresponds to the second iteration, etc.
In general terms, if we take a unit square E0 (initiator) and divide it into a network of
pxq rectangles with sides 1/p and 1/q (p<q), and if we select from this network a set
E1 (generator) of rectangles, the number of rectangles selected from each column
1≤j≤p denoted by Nj , then after an infinite number of iterations resulting in the limit
set E, we have (Falconer, 1990) :
— for the Hausdorff dimension,
p
log p/log q 1
dim E = log ∑ N j
;
log p
j=1
— for the box-counting dimension ,
log p 1
∆ (E) =
+ log p1
1
log p

p

∑ Nj
j=1

1
log q

,

where p1 is the number of columns containing at least one rectangle of E1 . In the
figure above, p = 3, q = 5 and dim E = 1.675… and ∆(E) = 1.683…

For a more detailed discussion and various examples of self-affine fractals
refer to Falconer (1990), Barnsley (1988), and Mandelbrot (1982).
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2.2.6 Mountainous reliefs
Without entering into a physical explanation of the fractal nature of a

Fig. 2.2.9. Example of fractal construction using affine fractional Brownian functions:
Constructions simulating reliefs in 3D space (Mandelbrot, 1982).

mountainous relief, which is in any case not yet clearly understood (see Sec.
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2.2.9 on fractures), we shall limit ourselves here to giving a visual impression.
The four images in Fig. 2.2.9 simulate a mountain relief generated by a
Brownian function of a point with a given fractal dimension ranging from 2.1
to 2.5. They can be constructed by Fourier transforming a 1/fβ distribution.
Artificial clouds can also be created using this construction in d = 4 (three
spatial coordinates and a parameter representing the water vapor density), the
“zero set” then being a section in d = 3 which simulates cloud formations very
accurately (see Sec. 2.2.8). It turns out that many natural phenomena are
observed to have an H close to 0.8.
A spectacular sequence of magnifications of a fractal landscape is shown
in Fig 2.2.10. Such a sequence is even more impressive in an animated
presentation.

Fig. 2.2.10. This sequence represents a statistically self-similar, fractal landscape (the
landscape itself has dimension D = 2.2) for several enlargements ranging from a factor 1
to a factor greater than 16 millions. Note that the statistical generation has been
carefully programmed to recapture the initial image (Voss, in Peitgen and Saupe, 1988)

2.2.7

Spectral density of fractional Brownian motion,
the spectral exponent β

Let V(t) be a random function. It can be characterized by its spectral
density Sv (f). Sv (f) is the mean square of the Fourier transform of V, V(f), per
unit width of band. For example, at the exit of a V(f) filter of width Δf around f
(see, e.g., A. van der Ziel, 1970):
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Sv (f) = 〈|V(f)|2 〉 / Δf .

(2.2-17a)

Sv therefore provides information about the correlation time characterizing V(t).
If the Fourier transform V(f,T) of V(t) for 0 < t < T is defined by
V(f, T) = 1
T

T

V(t) e 2πift dt

0

2

∝ T 〈 |V(f,T)| 〉 .
(2.2-17b)
Τ→ ∞
The spectral density can also be related to the correlation function at two points
of V(t) :
then

S v (f)

Gv (τ) = 〈V(t) V(t+τ)〉 – 〈V(t)〉2 .

(2.2-18)

When the Wiener–Khintchine theorem applies (i.e., when the correlation
function converges to zero sufficiently rapidly at infinity) we have
∞

Gv (τ) =

Sv (f) cos(2πfτ) df .

(2.2-19)

0

In particular for Gaussian noise, Sv (f) = constant and Gv (τ) = ΔV2 δ(τ) is
completely uncorrelated. Similarly for a power law,
we have

Sv (f) ∝ 1/f β
with 0 < β < 1
β
−1
Gv (τ) ∝ τ
.

Furthermore, from the equation
〈 |V(t+τ) – V(t)|2 〉 = 2 [ 〈V2 〉 – 〈V〉2 ] – 2Gv (τ) ,
the relationship

β = 2H + 1 .

(2.2-20)

may be deduced for fractional Brownian motion, VH(t).
Brownian motion VH(t) in d dimensions has fractal dimension D and spectral
density Sv(f) ∝ 1/f β such that D = d +1 – H = d + (3 – β)/2.

As can be seen from the previous discussion, Fourier transforms may be used
advantageously to construct fractional Brownian motions.
Fractal music
Here we mention an interesting discovery of Voss and Clarke (Voss,
1988) concerning the spectral density of music composed in different
civilizations and in different eras: remarkably it is approximately 1/f (Fig.
2.2.11).
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Fig. 2.2.11. Frequency spectrum of a variety of music from different eras and varied
cultures (f in Hertz). They are fairly close to 1/f behavior (after Voss, 1988).

Random music can be created without much difficulty: white noise5
sounds too random, Brownian (1/f2 ) noise too correlated and it seems a little
monotonous, but 1/f noise is more pleasant to listen to (Fig. 2.2.12).
Apparently, the 1/f spectral distribution suits our natural physiology. Of course
this is only one parameter; to create music there are thousands of others to take
into account!

(a) white noise

(b) 1/f noise

5

White noise over a large enough spectrum of frequencies resembles the noise of steam
escaping from a steam engine under pressure. For random music the frequency band is
much narrower as the usual scale is used.
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(c) Brownian

Fig. 2.2.12. Three examples of random computer generated music (Voss, 1988).

2.2.8 Clouds
In 1982 Lovejoy studied the shape of clouds and showed that they have a
fractal structure over more than four orders of magnitude (from 3 to 3 x
104 km). The relationship which gives the area as a function of the perimeter is
a power law whose exponent is close to 1.33 (Fig. 2.2.13). The measurements
were made from radar and satellite images. In addition, analysis of radar data
(Rys and Waldvogel, 1986) on (very convective) hail-storm clouds gives a
Hausdorff dimension for their perimeter of about D = 1.36 ± 0.1. The fractal
nature of clouds allows a very convincing and useful numerical computer
simulation to be made of them. The underlying physical causes of this nature
are related to turbulent diffusion (see Sec. 2.3).
10 6

regions of cloud observed by satellite
regions of raincloud observed by radar

10 5

Area (km2 )

10 4
10 3
10 2
10 1
10 0
10 0

Perimeter (km)
10 1

10 2

10 3

10 4

10 5

Fig. 2.2.13. Analysis of the relationship between the area of clouds (varying as λ 2
where λ is a characteristic length ranging from the order of 1 km to several hundred km)
and their perimeter. (Lovejoy, 1982).
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2.2.9 Fractures
It is easy to imagine that if no identifiable object is there to fix the scale, an
enlargement of the surface of a broken stone may be indiscernible from a
photograph of a cliff or mountain face. Dilational invariance is clearly present
here. Semiempirical arguments and numerous measurements suggest that
fracture surfaces in metal may have a fractal nature. These characteristics may
be compared with the fractal structures of mountain reliefs and also share
features with dielectric breakdown as well as with diffusion-limited aggregation
(which we shall discuss in Sec. 3.4.5 and Sec. 4.2).
Fractures may be grouped, roughly speaking, into two classes: fragile
ruptures in which the material breaks without deforming, like a piece of
crockery falling on a hard floor; and ductile ruptures in which the material
deforms significantly before breaking.
Experimental simulations of fractures of thin layers have been performed
by Skjeltorp in Norway (Skjeltorp, 1988). These studies are very interesting
because of the way they have been carried out: the experiment consists in
making single layers of microspheres (spheres of sulphurized6 polystyrene of
diameter 3.4 ± 0.03 µm) dispersed in water. By confining them between two
plane glass plates, it is possible to form a two-dimensional polycrystal for
which the size of the monocrystalline “grains” is reasonably large (105 to 106
balls). If a layer like this is dried very slowly, the diameter of the spheres
contracts to 2.7 µm. Forces between spheres emerge as they have a tendency to
remain stuck to each other, whereas the forces between the spheres and plates
of glass remain negligible.
As no prefracture has been made at the edge of the layer, cracks arising
from flaws appear over the whole sample. Their number increases during the
drying process by a succession of hierarchical branchings. The stresses in the
system diminish within regions not yet fractured, and because of this so do the
widths of the cracks there. Figures 2.2.14 (a–d) show various enlargements of
the cracked layer. The distribution of the cracks is fractal over more than two
orders of magnitude (Fig. 2.2.15) as analysis by the box-counting method
shows (N boxes of size ε):
N ∝ ε– D
Fractures are very often initiated by a surface flaw (prefracture, etc.); an
isolated fracture then crosses the sample. In the case of layers, the fracture is a
curve whose structure is not revealed by the previous analysis (which concerns
a fracturing of a body). In the case of a volume, this type of fracture is a surface
similar to a self-affine fractal. Quantitive analysis in terms of fractals has only
started in the last few years. Mandelbrot, Passoja, and Paullay (1984) were the
first to use the concept of fractals to describe fractured metallic surfaces. Other
measurements on surfaces of titanium were then carried out by
6

The spheres are sulfurized to make them contract during the drying process.
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50µm

(a)

(c)
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100 µm

20 µ m

(b)

(d)

Fig. 2.2.14. Final structure of a fractured monolayer at various magnifications
(Skjeltorp, 1988).

Pande et al. (1987). The roughness of fractured surfaces has also been used by
Davidson (1989) as a measure of the hardness and the resistance to fatigue of
materials. The most recent experiments have been carried out on samples of
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5
D = 1.68 ± 0.06

4
3
2

(a)
(b)
(c)
(d)

D=2
1
0
–1

0

1

2
3
Log 10 ε (µm)

Fig. 2.2.15. Calculation of the fractal dimension of the fractured surface of a
monolayer of microspheres; the box-counting method has been used over the four
magnifications (a–d) of Fig. 2.2.14 (after Skjeltorp, 1988).

metals with different hardnesses (aluminium alloys with different heat
treatments). Curiously, in these experiments the same fractal dimension D ≅ 2.2
was obtained for the different samples, and this has led to pose the problem of
finding the relationship between hardness and fractal dimension as suggested
by Davidson. Using the same methods as Mandelbrot et al. (1984), the fractal
dimension is measured by making a series of cuts parallel to the fracture after it
has been coated with nickel, thereby enabling it to be polished without altering
its surface (E. Bouchaud et al., 1990) (Fig. 2.2.16). In each case the
experimental conditions (anisotropic and prefracturation constraints

500 µm

Fig. 2.2.16 Section of a fracture in an aluminium alloy (in black). The fracture is
covered in nickel (in white) before the section is made (Bouchaud et al., 1990).
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applied) cause the fractured part to display self-affine symmetry. The fractal
dimensions in the planes parallel to the fracture have been measured both by
the box-counting method and by the perimeter-area relation. This relationship
relies on the fact that a section of the surface S of the fractured material (in
black in Fig. 2.2.16) is not fractal and so varies as R2 , where R is the mean
diameter of S. The perimeter P of this section varies as RD – 1 , where D is the
dimension of the fracture, and hence we have a relationship between the
perimeter and the area, P ! S (D - 1)/2, which allows us to calculate D (see also
Fig. 2.2.13 where this method is applied).
Unfortunately, at the present time all these studies are essentially
descriptive: the physical reasons for the fractality of ruptures are not at all well
understood, especially in three dimensions, and no clear relationship between
the mechanical properties and the fractal dimension is known. The principal
difficulty arises from the fact that, even for an ideal homogeneous material, a
complicated field of nonlocal forces develops as the material starts to break.
The starting point for a theoretical model is the equation for the strains u in
a continuous elastic medium,
(2+µ) 3 (3• u ) + µ 1 u = 0,

(2.2-21)

8 and µ being the Lamé coefficients. The assumption is then made that the
probability of a given part of the sample rupturing is proportional to a power 7
of the force to which it is submitted (Louis et al., 1986).
The scaling laws of fractures have been obtained numerically, but only in
two-dimensional systems (de Arcangélis et al., 1989). The model is composed
of a network of fragile bonds, each of which will break when the force exerted
on it exceeds a certain threshold. The breaking thresholds of the bonds are
chosen randomly following a given probability distribution. The remarkable
thing these authors have found is that this fragile material has a fractal
dimension which is independent of the distribution rule for the breaking
thresholds, that is to say, independent of the nature of the (fragile) material, in
agreement with the experimental results of Bouchaud et al. concerning ductile
materials. Furthermore, Guinea and Louis have discovered that the broken
bonds of an elastic network form a fractal of dimension D = 1.25. However, it
is too early at the moment to assert that fractures obey universal laws.
At the time of writing, no conclusive study has been carried out in three
dimensions.

2.3 Turbulence and chaos
The majority of flows appearing in nature are turbulent. This is true of the
upper layer of the earth’s atmosphere, the “jet streams” of the upper
troposphere, cumulus clouds, and ocean currents such as the Gulf Stream. It is
also true of the photosphere of the sun and other similar stars, interstellar
gaseous nebulae, and, at a smaller scale, of boundary layers on an aeroplane's
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wings, river currents, and rising smoke. Turbulence is used to mix or
homogenize fluids and to accelerate chemical reactions. In the last few years,
various manifestations of turbulence have been the object of numerous studies.
We shall make only a brief attempt here to try to understand its fractal nature.
Systems possessing a large number of degrees of freedom give rise to “strong
turbulence”, but one of the great discoveries of the last decades has been the
realisation that only three degrees of freedom are required to let chaos appear.8
(Ruelle and Takens, 1971). “Weak turbulence” is generated in this way.
Simple, but nonlinear, equations are at the root of this type of chaos, which is
then said to be deterministic (Schuster, 1984; Bergé et al., 1988), since, at least
in principle, the state of the system at any moment may be calculated given the
initial state and the equations. Later we shall examine in a little more detail
examples of phenomena generating deterministic chaos.
2.3.1 Fractal models of developed turbulence
In a low-viscosity fluid, the motion of a small portion of this fluid is
subject to such little resistance that a minute perturbation may be amplified and,
by a series of instabilities, may lead to disordered motion, qualified as
turbulent.
Turbulence arises from the interaction of a large number of eddies together
with a rapid increase in the fluid’s vorticity (characterizing the eddies) whose
intensity is denoted |1|,
1 = curl v
(2.3-1)
v being the velocity field in the fluid. This velocity field is itself governed by
the Navier–Stokes equation (which is simply Newton's equation, F = m dv/dt,
applied to an element of fluid). When the eddies extend to all scales, it is said to
be a case of developed turbulence.This idea of a hierarchy of eddies was
portrayed by Richardson in 1922 in the words of a poem inspired by one of
Jonathan Swift’s poems (cited in the foreword):
Big whorls have little whorls,
Which feed on their velocity;
And little whorls have lesser whorls,
And so on to viscosity.

The mechanism presumed to be at the root of this hierarchical structuring (but
this is still only a conjecture) is based on the fact that eddies of a given size
destabilize thereby producing eddies of smaller sizes. This continues until a
minimum size when the eddies become stable. The corresponding scale at
which the viscosity is sufficient to dissipate the energy is called the
Kolmogorov scale. The parameter controlling the turbulence is the Reynolds
8

For physicists working in this area, the word "chaos" has a fairly precise meaning: it
concerns the temporally unpredictable aspect of phenomena (then called chaotic). The word
"turbulence" is used rather to describe spatio-temporal behavior.
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number Re,
Re = UL/90 ,

(2.3-2)

where U is a characteristic speed of the fluid, L the size of the object generating
the turbulence, and 90 the kinematic viscosity of the fluid (90 6=6µ/%, where µ is
the viscosity and % the density). The Navier-Stokes equation may then be
written
2

1v
+ 2 (v • grad)v + 3 p = f + µ 1 v ,
1t

(2.3-3)

div v = 0.
Initial and boundary conditions must be added to these equations.
The second equation expresses the conservation of matter. It is assumed
that all speeds are small relative to the speed of sound; f is the external force
applied, p is the pressure in the fluid, and % its density. In practice, the 6666666
666 1

L

Re 1 10

-2

Re 1 20

Re1 10

Re 1 10

2

4

6

Re 1 10

Fig. 2.3.1. Passage to turbulence behind a cylinder of size L, as the velocity U (thus
333333also Re) is progressively increased [after Paladin and Vulpiani (1987)].

Navier–Stokes equation depends only on Re, via the relationship between the
advection term ( v •grad ) v , and the dissipation term (µ/%)1 v. When the
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viscosity vanishes (Re = 1), the equation becomes an Euler equation, for which
energy is conserved. The Navier–Stokes equation will not be analyzed any
further here, but we should mention that an equation of motion for the eddies
may be found by combining9 it with the equation defining 1. It may then be
observed that the behavior of two-dimensional turbulence is very special since
in two dimensions the vector 1 remains orthogonal to the velocity field. This
point is important in, for example, questions concerning atmospheric
movement: turbulence is, roughly speaking, three-dimensional up to a scale of
100 km, then two-dimensional from 100 to 1000 km, while beyond 1000 km
the sphericity of the earth comes into play. The large vortical structures of the
earth’s atmosphere have sizes of several thousands of kilometers, while the
scale at which dissipation occurs (Kolmogorov scale) is in the order of
millimeters.
Turbulence becomes fully developed for values of the Reynolds’ number
above a critical value Recrit (1 2000 in Reynolds’ experiments10), turbulence
itself occurring for values of Re between roughly 10 and 1000, according to the
geometry, and occurring after the laminar phase which is present at low values
of Re . In the laminar phase small fluctuations (residual turbulence) always
exist, but they are rapidly damped out. In the turbulent phase, on the other hand,
these fluctuations are amplified and then inextricably interact with each other.
This happens when the damping time (which is in L2 /90 ) of a perturbation
becomes longer than the time needed for a particle to travel the length of the
object, of size L, producing the perturbation (i.e., L/U). Behind a grill,
developed turbulence is obtained for lower values of Recrit than, say, behind a
cylinder. Moreover, in this case the turbulence is relatively homogeneous and
isotropic.
The Kolmogorov model (1941)
In 1941, the Russian mathematician Kolmogorov proposed a model of
three-dimensional developed turbulence in which the eddies belong to a
structure that is arranged hierarchically according to size. The energy is injected
into the eddies of largest size then transferred from eddy to eddy in a cascade
of decreasing sizes down to the smallest size where the energy is dissipated
(the Kolmogorov scale). The theory of Kolmogorov-Obukhov (1941) predicts
in particular an energy spectrum in k –5/3, where k is the wave vector of the
Fourier modes of the velocity field (the exponent 5/3 is easily obtained by
simple dimension considerations in the equations). These models are not
dissimilar to the cascades of Fournier and Hoyle (Sec. 2.1.2). We start from
the hypothesis that an eddy gives rise to N sub-eddies, r times smaller in size, at
the heart of which all the dissipation is concentrated. This process is then
9 The pressure term is eliminated when taking the curl of the equation
10 The critical value depends on the experiment and, in particular, on

the level of residual
turbulence. By reducing this level, values of Recrit of the order of 105 may be arrived at.
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repeated suggesting a fractal dimension D = log N /log r. For turbulence to
develop it is necessary that D > 2, so that a cut made at random through the
space has a nonzero probability of intersecting the support of the turbulence
(Mandelbrot, 1974, 1975b). Mandelbrot also suggested (in 1976) that the
singularities of the Navier–Stokes and Euler equations, which govern fluid
dynamics, may have a fractal structure (this would explain the nature of
turbulence), but at the present time it is still not known whether these equations
develop singularities after a finite time.
Frisch, Sulem, and Nelkin (1979) put forward the idea that the dissipation
is concentrated in a domain of nonintegral fractal dimension and proposed the
3 model in which the energy flux11 is transferred to a fixed fraction 3 of the
eddies of smaller size (see the construction12 in Sec. 1.4.2). However, the
experimental data relating to the moments of the velocity fluctuations seems to
show that the scaling laws at small distances cannot be described by a
homogeneous fractal (i.e., constructed by rules relating the statistical properties
at a certain scale to those at a much larger scale). So Benzi et al. (1984)
introduced, on the basis of the work of Novikov, Stewart, and Kraichnan,
heterogeneous fractals, of the type described earlier in Sec. 1.4.2, in which the
rules relating two levels in the cascade are established according to a given
probability law (random 3 model).
The fractal dimension of the support of the dissipation is then of the form
D = d + log (ß) / log 2,
(ß) denoting the mean of the branching probabilities 3 (Sec.1.4.2). A more
detailed discussion of this model may be found in an article written by G.
Paladin and A. Vulpiani (1987) (see also Vulpiani in Pietronero, 1989). We
should mention, however, the important fact that a heterogeneous fractal
structure has a multifractal nature which, as we shall see later on, allows a
more precise comparison between theory and experiment to be made.
Difficulties with theoretical studies stem from the fact that turbulent flow is
an open thermodynamic system, i.e., not isolated from the exterior due to the
presence of forces acting on the flow: at a large scale, external forces, and, at a
small scale, viscosity. Only at intermediate scales may it be supposed that the
energy is transferred conservatively between the different degrees of freedom.
Among examples of turbulent flow, turbulence behind a grill lends itself fairly
well to theoretical idealizations (homogeneous and isotropic turbulence, 3
models) because here it may be assumed that there is no extraction of energy
by the turbulence from the mean flow, and that the grill homogenizes the
11

All these models concern three-dimensional turbulence. In two dimensions due to the
orthogonality between vorticity and velocity fields, the conserved quantity is the mean square
of the vorticity (or enstrophy), so that we then have a cascade of enstrophy giving in this
case a behavior in k-3.
12 The example in Sec. 1.4.2 corresponds to N = r d 3 and r = 2. The 3 model is fairly
similar to the “absolute curdling” model proposed by Mandelbrot (Mandelbrot, 1976).
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interactions between eddies. Turbulence of coherent structures (atmospheric
movements are one example, see also Fig. 2.3.4) is trickier to analyze.
In a similar vein, a model of simple multifractal cascade has been proposed
by Meneveau and Sreenivasan (1987a). We shall examine this very simple onedimensional model as it is can be used to describe reasonably accurately the
multifractal behavior of the rate of dissipation 4.
1
INJECTION

L
p1 E L
L/2

p2 E L

TRANSFER

EL

L/2
DISSIPATION

Fig. 2.3.2. One-dimensional version of Meneveau and Sreenivasan's model of
cascading eddies (1987). The kinetic energy flux EL injected into the system is
divided into random fractions {p1 , p2 } at each level of the hierarchy down to the
33333333
Kolmogorov scale 7.

The model is based on the supposition that the energy injected into a onedimensional section L of a system (in d = 3) divides into two subregions of
size L/2 according to the probabilities p1 and p2 , and so on, until a minimum
size 7 (Kolmogorov scale) is reached where the energy dissipates (Fig. 2.3.2).
This type of model, a binomial fractal measure, appeared earlier. Meneveau
and Sreenivasan have used it to interpret measures over one-dimensional
sections of various flows of developed turbulence (turbulence produced by a
grill, slipstream behind a circular cylinder, boundary layers, atmospheric
turbulence). The results are shown in Fig. 2.3.3. To be precise, the generalized
dimension Dq, which suffices to describe the multifractal structure completely,
has been plotted (it can be seen that D0 = 1, as the support of the measure is a
line). It is in good agreement with the binomial model in which the value of p1
is set at 0.7. The horizontal dot-dash line corresponds to the 3 model (not
random, therefore not multifractal, so all the Dq are equal to D < 1)
1
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Fig. 2.3.3. Generalized dimensions of a one-dimensional section of the dissipating
field in turbulent flows [Meneveau and Sreenivasan (1987a)]. The manner in which
these experiments were carried out is explained in Meneveau and Sreenivasan (1987b).

and the dashed line to the log-normal13 model. However, this binomial model is
still too simple and may lead to incorrect interpretations. The problem was
taken up again in 1988 by the same authors in collaboration with Prasad. The
multifractal spectrum f(2), including its latent part which involves negative
fractal dimensions, has been found in several types of experimental situation.
1

Fig. 2.3.4. Plane section of an axisymmetric jet obtained by exciting the fluorescence
of the injected fluid [after Dimotakis et al. (1981)]. The white regions indicate the
distribution of the injected material, not that of the velocity.
13

A random variable V is said to follow a log-normal distribution if its statistics are
completely determined by the two moments ( log V ) and ( ( log V – ( log V ) ) 2 ).
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These results along with a review of some earlier approaches have been
published in a recent, extensive article (Méneveau and Sreenivasan, 1991).
To determine experimentally the fractal dimension, or more generally the
multifractal structure, of a three-dimensional turbulent region, it is helpful to separate
the regions of a plane where vorticity is present from those where the flow is purely
laminar. In Fig. 2.3.4 the fluid is illuminated by a plane laser beam, which shows the
distribution of turbulent fluid in a plane cross-section.
We should mention here a very pretty geometric study carried out by H. Herrmann
et al. (1990), who have studied the possibility of disks rolling against each other
without friction in such a way that all the space within a band or a circle is filled.
They showed that this was possible with a fractal distribution of disks. Their initial
aim was to study the absence of energy dissipation in certain types of relative motion
of tectonic plates, but the study may also be applied to turbulence where dissipation
only occurs at the smallest scales. The model leads to laws in k–5/3 similar to that of
Kolmogorov.

2.3.2 Deterministic chaos in dissipative systems
Among the fundamental discoveries of the last 20 years, the appearance of
chaos in very simple (but, of course, nonlinear) systems holds an important
place. The study of deterministic chaos has been considerably extended in
recent years: although Poincaré had already noticed in 1892 that certain
mechanical systems governed by Hamilton’s equations could display chaotic
behavior, it was only (in 1963) when the meteorologist Lorenz became aware
that a system controlled by laws as simple as a system of three coupled first
order differential equations without the interference of external noise could lead
to completely chaotic trajectories. Lorenz had discovered one of the first
examples of deterministic chaos in dissipative systems (although the discovery
took some time to be recognized).
The existence of deterministic chaos is the direct consequence of the
property possessed by certain systems of being extremely sensitive to initial
conditions: a small error in the initial values that have been chosen gives rise to
an error in predicting the future evolution that grows exponentially with time.14
There is then, in some sense, a loss of memory, since after a certain time has
elapsed the initial conditions cannot be recovered. When this sort of evolution
takes place, whatever the initial conditions, it is said to be chaotic. Many
nonlinear systems behave chaotically. To mention just a few: the nonlinear
forced pendulum, lasers, various chemical reactions, three or more body
systems, biological models of population dynamics, etc.
Among these problems, frictionless systems, known as conservative or
Hamiltonian, must be clearly distinguished from so-called dissipative systems
in which there is internal friction. Only the latter possess an attractor due to the
14

Lorenz gave the example of a butterfly beating its wings in Australia which by changing
the development of the winds was the cause of a cyclone in the Antilles.
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fact that dissipation causes there to be a stationary limit in the long term, when
energy is injected into them from outside (forced systems). These systems have
been studied (see, e.g., Smale 1980; Gleick, 1987) by Smale, who is the
inventor of the so-called “horseshoe” model of strange attractors. On the other
hand, Hamiltonian systems, because of the absence of dissipation, retain the
memory of their initial conditions, to which they may be extremely sensitive.
They must therefore be treated accordingly.
Dissipative systems
Of these systems, chaos only appears in those that are open, that is, those
experiencing an external force which allows the energy lost through dissipation
to be reinjected. Indeed, for a closed system dissipation leads to a state of
equilibrium, and so it becomes stable. If we consider only dissipative systems,
at least three routes towards chaos have been discovered :
(i) by successive bifurcations (Feigenbaum, Coullet, and Tresser);
(ii) by passing from periodic attractors to strange attractors (by a finite
number of bifurcations according to the scenario of Ruelle, Takens, and
Newhouse). Here there is a transition from a quasiperiodic situation to chaos;
(iii) by the appearance of an intermittent dynamical situation (intermittency
as described by Pomeau and Manneville).
As with other topics that extend beyond the concerns of this book, we shall
not develop the details of these different routes leading to chaos. Some
excellent books have been written on this subject. We shall, however, provide
some examples of simple systems and models showing how fractal structures
enter into the description of chaotic structures.
A very common structure with very few (three) degrees of freedom which
leads to a chaotic situation is the simple forced pendulum. A periodic force F
cos ,t is exerted on this pendulum (Fig. 2.3.5). Its motion is governed by a
2 (t)

Pendulum

F< Fc

2 + 1 2 + g sin 2 = F cos 3 t
2
F

x =

l

2, y = 2, z = 3 t

time

x =y
m

y = –1 y – g sin x + F cos z

F> Fc

g z=3

Fig. 2.3.5. Equations governing the simple forced pendulum (m=1, l =1). The
system becomes chaotic when the applied force is greater than a certain critical
333333333
threshold.
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second order equation in -, the angle of oscillation, which reduces to a system
of three first order equations. The evolution of such a system may be studied
by plotting what is known as a phase portrait, that is, each state of the system
is represented by a point in phase space, the evolution then corresponding to a
curve which does not intersect itself, and which starts from the point
representing the initial state. In Fig. 2.3.5, we see that the simple forced
pendulum’s state is described by six coordinates (x, y, z, x, y, z).
The simple forced pendulum is periodic in - when the force applied is
smaller than a certain threshold Fc and chaotic when the force F is greater than
this threshold (Fig. 2.3.5). Many easily constructed systems display this type
of behavior, such as a compass when it is placed in the alternating field of an
electromagnet. We shall now describe in greater detail the periodically struck
rotator, a rather artificial system with the pleasant property of being easily
integrable via reduction to a simple two-dimensional discrete mapping, called a
first return mapping.
The system consists of a rotator damped by friction (parameter 6),
parameterized by an angle 5, and struck with period T, by an impulsive force
whose intensity is a function15 of this angle 5, namely K f(5). A diagram of the
model and the equations of motion are shown in Fig. 2.3.6.
1
1
2 + 3 2 = F14 K f1( 2 ) 2 13(t – nT)
F

2

n =0

n is an integer, 3 is the damping and
T is the period of the strikes.
x

= 2, y = 2 , z = t, gives the system

x =y

1

y = – 33y + K f1(x )
z =1 .

2

13(z– nT)

n =0

Fig. 2.3.6. Equations governing the periodically struck rotator.

After integration over a period T, where the limits are times just before a
strike occurs, this fairly simple system may be reduced to a two-dimensional
mapping for the pair of variables
(xn ,yn )= lim400{x(nT–4), y(nT–4)}.
15

The function f is arbitrary but the nature of the chaos generated depends on its form (see
the example on the next page of the first return mapping).
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Thus, we find that (Schuster, 1984)
–1T

x n+1 = x n +
y n+1 = e

1– e

–1 T

1

[y n + K f(x n)]

[y n + K f(x n)]

.

The evolution of the solutions of an equation of this type may be represented
graphically as the variation of a point in the plane (xn ,yn ) as a function of time,
that is of n, with the pair (x0 ,y0 ) as initial conditions.
The set of points (xn ,yn ) does not provide all of the system’s phase
portrait, but merely a two-dimensional section (associated to a two-dimensional
mapping) composed of discrete points corresponding to photos (stroboscopic
images) of the rotator taken at times separated by multiples of T. This sort of
representation is known as a Poincaré section. It is the trace of the phase space
motion passing through a subspace, which is easier to visualize.
First return maps or Poincaré maps
This is a mapping of the form
x n+1 = A (x n) .
The one-dimensional quadratic map or logistic map,
xn +1 = r xn (1 – xn ),

(2.3.-4)
(2.3.-5)

has, because of its extraordinarily rich nature, played a fundamental role in the
study of processes leading to deterministic chaos. The discovery of its
remarkable properties is due to Metropolis et al. (1973) and especially to M.J.
Feigenbaum (1978). It is the prototype of mechanisms generating an infinity of
subharmonic bifurcations (as r increases from 1 to 4). In this situation we
speak of subharmonic cascade. The quadratic map is a special case of the
Poincaré map of the periodically struck rotator, obtained in the limit of strong
damping (6 0 1), and as K 0 1, with 6/K = 1, and f chosen such that f(x)6=6(r
– 1)x – r x2 .
Subharmonic cascade
In the case of the quadratic map, for 12 r 2 r1 =3 (Fig. 2.3.7), xn tends to a
fixed point x* defined by x*= A(x*), that is, x*=1–1/r. In the case of the
struck rotator, xn is the angle of rotation just before the nt h strike (given with
periodicity T), xn+1 is the first return of the angle a time T later. At the end of a
large enough number of strikes this angle stabilizes at a value 5 = x*. Only the
frequency f0 = 23/T (and its harmonics) appears in the spectrum of the struck
pendulum’s motion in the limit case above. When r reaches the value r1 , a first
bifurcation appears, and for r1 < r 2 r2 (= 1+46 1 3.44) xn tends rapidly to a
1
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Fig. 2.3.7. Iteration of the quadratic map when the attractor reduces to a fixed point
x* (1313r313r1 3=33).

situation where it oscillates between two values, x(1)1 and x(1)2 defined by x(1)i
= A[A(x(1)i )]. Clearly x* remains a solution to this last equation but is now
unstable. If this result is applied to the struck rotator we can see that the
impulse is delivered each time the angle 5 takes the values 5(1)1 and 5(1)2 . The
frequencies f0 and f0 /2 (and their harmonics) thus appear in the spectrum.
Hence the term subharmonic cascade.
Then at r = r3 a new bifucation appears and xn tends towards a four point
cycle (Fig. 2.3.8) (and the frequencies f0 , f0 /2, f0 /4 appear). After k
bifurcations, a cycle of 2k points x(k)i is obtained with subharmonics ranging
down to f0 /2k . The set x(k) of the x(k)i , which form a cycle of 2k points, is called
an attractor as in this case the sequence of the xn ends up converging to this
set whatever the initial condition. In this way bifurcations continue to 66666
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Fig. 2.3.8. Iteration of the quadratic map when the attractor is a cycle of four points.

follow until a value r1 = 3.5699456… is reached. The limit set x(1) is now no
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longer periodic; it is then called a strange attractor and is a fractal. Fig. 2.3.10
represents the distribution of fixed points x(k)i . As r increases from 1 to r1 ,
their structure resembles the successive iterations of a Cantor set. An important
universal quantity is the limit of the ratio of distances between successive
bifurcations, defined as
r –r
(2.3-6)
12 = lim k k–1 = 4.669 201 609…
.
k21 r k+1 – r k
Finally, a chaotic situation appears for r1 2 r 2 4 (Fig. 2.3.9). The
subharmonics f0 /2k then disappear one after the other (in the reverse order of
their appearance) while a noise develops.
1
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Fig. 2.3.9. Iteration of the quadratic map when the attractor becomes aperiodic. This
is a chaotic situation: the sequence of xn is distributeb over [0,1] generating a fractal
structure. The sequences depend very sensitively on the initial value.

Another remarkable fact is that the domain r1 2 r 2 4 is not chaotic
everywhere. There exist windows of periodicity which can be seen very clearly
in Fig. 2.3.10. Some of them have periodicity 3 (e.g., when r6=616+648) with a
new subharmonic cascade leading to chaos. For r > 4 there are no longer any
stationary states, the sequence of the xn is no longer bounded.16
The Hausdorff dimension of the set x(1) (associated with r1) has been
numerically and analytically determined by Grassberger (1981): D6=60.5388…
Rayleigh–Bénard instability and subharmonic cascade
When a liquid with a positive coefficient of expansion is placed between
two horizontal plates held at fixed temperatures, T for the upper plate and
T+5T for the lower plate (Fig. 2.3.11), the liquid tends to move upwards from
the bottom, producing an instability known as Rayleigh–Bénard instability.

16 More

precisely, only a bounded Cantor invariant remains.
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Fig.2.3.10. Attractor of the logistic map. Figure (a) shows the complete attractor
(except for the single fixed point range [1,2]). Figure (b) is the magnification of the
small rectangle in figure (a) inside a window of periodicity 3, displaying the self33333333
similarity.
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For low values of 5T energy transfer occurs simply through conduction
without any motion on the part of the liquid, since the structure is still stable.
Then for values of 5T above a certain threshold (namely Ra > Rac the relevant
parameter being the Rayleigh number Ra17), convective rolls appear, with fixed
spatial position, displaying a series of ascending and descending currents as
shown in Fig. 2.3.11.
1
T

g
T + 1T
Fig. 2.3.11. Rayleigh–Bénard cell: a temperature difference induces a density difference
in the fluid and also an instability in the presence of a gravitational field. Rolls appear
which become unstable and chaotic beyond a critical 2T.

Moreover, both directions of rotation of the rolls are equiprobable. At the
threshold there is thus a first bifurcation between these two possible rotation
states. As the temperature is increased the number of possible states also
increases and the presence of so many degrees of freedom allows a turbulent
situation to develop: the structure of the rolls is completely destroyed.
In an experiment carried out by Libchaber, Fauve and Laroche (1983), the
liquid used is mercury. The experiment is performed at a very low Prandtl
number (Pr = 90 /DT 1 0.03). The mercury is placed between two thick copper
plates. As the cell is opaque the temperature fluctuations in the fluid are
measured at a point (Fig. 2.3.12) using a bolometer. To stabilize the orientation
of the rolls, the cell is placed in a constant magnetic field. By increasing 5T, the
Rayleigh number crosses the threshold Rac (several precautions are necessary
at this first stage of the experiment), then successive bifurcations appear,
corresponding to frequencies f1 /2, f1 /4, f1 /8… The harmonics of odd rank are
also present in the spectrum. The ratio of convergence of the bifurcations is
found to have a value of 4.4, reasonably close to the universal theoretical value
of 4.669…
One (very approximate) model of Rayleigh–Bénard convection was given
by Lorenz (1963). It is, as with the previous examples, a system of 3 first order
equations with second degree terms, xy and xz, obtained by simplifying as far
as possible the Navier–Stokes and heat equations. By expanding these
equations in spatial Fourier modes up to order 3 in the lowest mode, and
ignoring the coupling between other modes, Lorenz’s system of equations is
obtained:

Ra is directly proportional to 5T, to the coefficient of volumic expansion of the fluid and
to its weight in a cube of side equal to the distance between the plates, and inversely
proportional to the viscosity µ and to the thermal diffusivity DT.
17
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Fig. 2.3.12. Subharmonic cascade in a thermoconvection experiment (Libchaber et al.
1983). The segments show the length of a period of temperature fluctuation at a point
in the fluid.

x1= – 1 x + 1 y ,
y1= – zx – r x – y ,
z1 = xy – b z ,

(2.3-7)

where 1, r, and b are the parameters of the system; x measures the level of
convective overturning, y and z measure the horizontal and vertical temperature
variations, 1 corresponds to the Prandtl number, r is proportional to the
Rayleigh number, and reflects the fact that the horizontal and vertical
temperature variations do not damp down at the same rate.
Iterated maps in the complex plane
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Iterations in the complex plane form a very interesting class of mappings
for mathematicians. They have given rise to graphical creations (thanks to the
use of modern computers) of an until now unknown richness (see, e.g., Peitgen
and Richter, 1984).
As an example, let us take the following mapping A of the complex plane:
z 0 A(z) = z2 + C .

(2.3-8)

The Julia and Mandelbrot sets of this mapping are defined by the iteration
zn+1 = zn 2 + C

(2.3-9)

with the two fixed values, C and z0 , as the initial state.
To relate this to what we have just been discussing, Eq. (2.3-9) generalizes
the equation of the logistic map (2.3-5) to the complex plane (up to an
irrelevant translation in the coordinates). Notice that if we write
2
2
2
2
dxn /dn 1 x n+1 –x n = x n –x n – y n + a or
x = x –x–y + a ,
y = xy –y+b ,
and11 d yn /dn 1 y n+1 –y n = x n y n –y n + b
or
this iteration corresponds to a dynamic equation in the plane (where C = a+ib).
However, the discrete equation represents a much more complex behavior than
does the continuous one (which is constrained by the noncrossing condition).
Julia sets Jc
We fix C and look at the sequence z0 0 z1 0 z2 ... For many values of z0 ,
2zn 201 when n01. Jc is defined as the frontier of these diverging z0 . Points
in the immediate neighborhood of the Julia set diverge towards infinity
exponentially (exp 8n).18 To construct Jc it is easier to use the inverse
mapping: z0 0 z– 1 0 z– 2 ..., where
z n–11 = ± z n – C

(2.3-10)

This series converges exponentially to the Julia set. As there are two
possible values for the inverse map, they are chosen at random with, say, equal
probability.
Jc can also be thought of as the frontier of the set of points z0 for which
the zn remain bounded, called the basin of attraction of the map (and not
necessarily connected).19 Jc depends sensitively on C. Some Julia sets are a
single piece, others are only clouds of points (Cantor sets) (Fig. 2.3.13). The
simplest case occurs when C = 0. The mapping zn+1 = zn 2 starting from z0 6=6%
ei5 , gives zn = %2 n e2in5 . If % > 1, zn 0 1, and if % < 1, zn 0 0. The Julia set
In situations relating to turbulence, the exponent 8 is called the Lyapounov exponent.
The development of a chaotic flow is more difficult to visualize, the greater the rapidity of
the divergence of the trajectories. Hence the importance of knowing 8.
19 Eq. (2.3-9) may therefore be iterated starting from points z of the basin of attraction.
0
However, if the latter is a Cantor set, it may prove difficult to find such points.
18
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J0 is the circle 2z2 = 1, and the basin of attraction is the interior of the circle.
On the subject of Julia sets, it is interesting to consult the papers of Julia and
Fatou who managed to work out a number of characteristics of these sets without, of
course, the use of computers. See also Brolin (1965) and, for more recent work,
Blanchard (1984).

Mandelbrot set
This is the set M of those C such that for z0 = 0, zn remains bounded
(Mandelbrot 1980) (Fig. 2.3.13). On a deeper level, M is also the set of those C
such that Jc is connected. The speed of divergence outside M is related to
solutions of the Laplace equation, M being thought of as a charged conductor
and the speed of divergence as proportional to the electric field.
1

Fig. 2.3.13. Mandelbrot set (shaded grey) for the iteration z 0 z 2 + C. In the insets
the Julia sets correspond to the values of C indicated by arrows shown. The
Mandelbrot set is surrounded by a black border (like a beach on the seashore), which
gives an idea of the speed with which the values z move away from the set during
333333iteration (the narrower the beach the faster the point moves away).

All these different sets have a fractal structure. Fig. 2.3.14 represents the
correspondence between the Mandelbrot set in the complex plane and the
bifurcated structure of the modified quadratic first return mapping (logistic
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map) xn+1 = xn 2 + C along the real axis (after Peitgen and Richter, 1984,
p.611).
1

Fig. 2.3.14. Correspondence between the Mandelbrot set land the logistic map
3 3 3 xn+1 3 =3xn 2 + C. Notice the repetition of the cactus motif at each bifurcation.

Strange attractor
We have seen that periodic attractors correspond to perfectly predictable
signals, in the sense that knowledge of a sufficiently long sequence of the
signal [-(t) for example] enables us to predict the whole of the future signal
with an accuracy equal to that of the known sequence. This is no longer the
case when the attractor becomes aperiodic, since it is impossible in practice,
whatever the portion of signal considered, to predict the future signal beyond a
very limited time because of the extreme sensitivity to initial conditions. The
histories of two points starting very close to one another have nothing in 666666 1

2 1

Fig. 2.3.15. Schematic representation of two trajectories (1) and (2) initially very
close, moving apart exponentially (positive Lyapounov exponent) then returning
towards the spiral (after Abraham and Shaw 1983, part 2).

common at the end of a large enough finite time. The strange situation then
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occurs where the histories (trajectories in phase space) diverge exponentially,20
but where there is still an attractor. For topological reasons, this is not possible
in just any phase space. Since two trajectories cannot intersect each other,21 a
space of at least three dimensions is required. It is possible for trajectories to
remain confined to a bounded domain while still possessing a sensitivity to
initial conditions which causes them to diverge exponentially at first (as Fig.
2.3.15 shows). This again is a strange attractor.
The Hénon attractor
Hénon (1976) proposed a simpler set of Lorenz equations, obtained by
discretizing time, and thereby transforming Lorentz’s system of three
differential equations into a two-dimensional mapping. He studied the
following mapping of the plane into itself:
Xk + 1 = Yk + 1 – 2 (Xk )2
Yk + 1 = 3 Xk .

(2.3-11)

This type of iterated application lends itself particularly well to a throrough
investigation. Whatever the initial points chosen within the application’s basin
of attraction, the successive iterations converge very rapidly towards a strange
attractor, the Hénon attractor, whose Hausdorff dimension is D = 1.26...
Moreover, it is easy to verify by calculating the Jacobian of the transformation
(2.3-11) that the areas are multiplied at each iteration by a certain factor.
Multifractality of strange attractors
Multifractal analysis is a tool well adapted to characterizing strange
attractors. Here is an example taken from an experiment. In 1985, Jensen and
his colleagues studied the thermoconvection of mercury in small parallelepiped
cells (7 mm x 14 mm by 7 mm high). In the chosen geometric configuration the
ratio between the height and width of the Rayleigh–Bénard cell forces the
number of rolls to be limited to two. The number of degrees of freedom is thus
reduced and only secondary instabilities appear. As 5T is increased, the rolls
break down at a frequency f1 (the Fourier spectrum containing f1 , 2f1 ,...) and
the system’s state may be represented by a point on a circle, turning
(nonuniformly) with frequency f1 ; as 5T is increased further a new bifurcation
arises at frequency f2 (the Fourier spectrum then contains f1 , f1 – f2 , 2f2 ,...) and
the system becomes quasi-periodic, since there is no reason that f1 and f2
should be commensurable.
1

20

It should of course be noted that this exponential divergence of initially very close
trajectories occurs only during a limited interval of time (see Fig. 2.3.15).
21 From the point of intersection I there would be two paths (with the same initial
conditions I) which is impossible.
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f2
f1

Fig. 2.3.16. Representation by a point on a torus T 2 of the state of a system with
two frequencies. If the frequencies are incommensurable, the image of the trajectory
never repeats itself in the course of time; if f1 /f2 is a rational fraction, it repeats
3333333333333333333itself after a finite number of turns.

Its state can be represented as a point on a torus22 (Fig. 2.3.16).
In fact, this quasiperiodic situation does not endure, but is instead seen to
fix on a frequency f0 such that f0 = f1 = 2f2 , by self-adjustment23 of the
frequencies f1 and f2 . In these systems a chaotic situation arises after only a
few bifurcations, according to a scenario named after Ruelle, Takens and
Newhouse, as the small size of the cell prevents a subharmonic cascade from
developing. But as we saw above at least three dimensions are required to
construct a strange attractor, so that with two frequencies, f1 and f2 , the
trajectories will never exponentially diverge, nor will chaos become established.
If a third frequency appears, the trajectories now lie on a torus T 3 and chaos is
accessible, the trajectories no longer being confined to a surface (as in Fig.
2.3.15).
The transition to chaos may occur directly from the torus T 2 without a
third frequency emerging; a more general third degree of freedom will suffice24
(e.g., due to an external field forcing the system). Because of this new
parameter the trajectories leave the surface of the torus. The threshold for the
appearance of chaos for which the torus T 2 “explodes” corresponds, as can
be shown in the theoretic model of the Rayleigh-Bénard experiment, to the ratio
f1 /f2 = (45+1)/2, the golden ratio.
In the Jensen et al. experiment (1985), the Rayleigh-Bénard system is
forced by an electromagnetic oscillator: an alternating current of frequency fext
is passed through the mercury, in the presence of a magnetic field parallel to the
rolls, in such a way that vertical eddies are generated. These are nonlinearly
coupled to the eddies which we have just described above (two convective rolls
are present in the cell). The intensity of the alternating current allows the
nonlinear coupling to be adjusted. With this perturbation a chaotic situation can
be generated from two frequencies (f1 and fext chosen to be in the golden ratio,
f1 1 230 mHz). In this case the chaos is described by a prechaotic distribution
22

The trajectories would not intersect on the torus if it were unfolded, as a point on the
torus is only defined up to multiples of 23. The rule of no intersection is therefore not
violated.
23 This adjustment is also present in the experiment of Libchaber et al.
24 The model of Curry and York (1977) is of this type.
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of trajectories on the torus, which still exists as thecritical threshold has only

Fig. 2.3.17. The two-dimensional attractor above is composed of 2500 experimental
points. Theoretically the points are distributed on a closed curve, the spreading that we
see here is due to the drifting of the experimental parameters. The variations in the
density of points comes partly from projecting the three-dimensional curve onto the
plane (Jensen et al. 1985).

just been reached. When this critical situation is established (Ra/Rac = 4.09,
giving f1 a large amplitude), measurements of the temperature T are taken at a
point in the fluid at periodic intervals (i.e., the points of the trajectories in a
section of the torus are examined). The graph of T(t+1) against T(t) is shown
in Fig. 2.3.17. To avoid effects of projection, the multifractal analysis was, in
fact, carried out in a three-dimensional representation [T(t+2), T(t+1), T(t)].
The multifractal measure of the Poincaré section (Fig. 2.3.17) is obtained by
following a method very similar to the one described in Sec.1.6.2. More
precisely, to each volume element of radius 4, the neighborhood of a point x of
this section, is associated a measure which is the probability of returning to this
element after a fixed time. In practice, the number of steps m(4,x) to return to
the neighborhood of x, over a fixed interval of time are counted, the probability
then being µ(4,x) = 1/m(4,x). The multifractal measure is then found by
q –1

3 µ(1)

4=

1 µ(1,x i )
i2boxe s

q

=1

d

1 µ(1,x )

q–1

= Mq (1) .

(2.3-12)

x

As the summation ranges over all the points x, and not the boxes i as required
by the box-counting method, a factor 4 d /µ(4,x) must be included. Having
calculated Mq(4) by digitalizing the experimental attractor, 3(q) and hence f(2)
are determined by Legendre transformation (Secs.1.6.2 and 1.6.4). The
experimental results are shown in Fig. 2.3.18, along with the theoretic curve
obtained by calculating the distribution in a section (a circle) of the torus, for
the critical value of the frequency ratio (the golden number). In this way, there
are no adjustable parameters and the comparison between theory and
e x p e r i m e n t
p r o v e s
t o
be
excellent.

2.3 Turbulence and chaos
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Fig. 2.3.18. Theoretical and experimental f(2) curves in the forced Rayleigh-Bénard
experiment. Comparison between theory (without adjustable parameters) and
333333333333333experiment is remarkable (Jensen et al. 1985).

We can see on this curve f(2) that its maximum D0 is equal to one, as we
would expect, since the support of the multifractal measure is a circle (or is
topologically equivalent to a circle), a section of the torus T2 of Fig. 2.3.16.
This represents one of the few cases where it proves possible to compare
an experiment with the theoretical model of the multifractality of strange
attractors.

